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W e s h a l l c o n s i d e r propagation of a wave-packet through an i n f i n i t e homogeneous plasma which may be l o s s l e s s , absorptive o r unstable, s o t h a t t h e energy of t h e wave-packet may be conserved, d i s s i p a t e d , o r increased a s i t propagates.
I n 1914, B r i l l o u i n and Sommerfeld [l] d e t e rmined t h e evolving shape of a wave-packet, and pred i c t e d t h e occurrence of precursors t h a t . o u t r u n t h e body of t h e packet ( s e e Fig. 1) . The saddle-point methods they introduced have s i n c e been r e f i n e d and widely used [2] . Concepts such a s phase velocity, group v e l o c i t y and energy v e l o c i t y emerge, and a r e u s u a l l y understood by reference t o d i s p e r s i o n (~r i l l o u i n ) diagrams showing t h e frequency v a r i at i o n (w, r e a l ) with wavenumber (k, r e a l ) . D i f f i c u lt i e s a r i s e f o r a b s o r p t i v e o r u n s t a b l e media, f o r which group v e l o c i t y may be complex o r i n f i n i t e . W e suggest t h a t i n such c a s e s an o b s e r v a t i o n a l d i spersion diagram is useful, e f f e c t i v e l y d e s c r i b i n g t h e r e s u l t s of complex w,k measurements on wavepackets. W e s h a l l use a c o n s i s t e n t d e f i n i t i o n of group v e l o c i t y t o e s t a b l i s h the form of t h i s d i spersion r e l a t i o n , and i t s dependence on t h e source e x c i t i n g t h e wave-packets. W e consider two sources, both d e l t a -f u n c t i o n s i n t h e d i r e c t i o n of propagation, z : a d e l t af u n c t i o n source in time, ~& ( t , z ) = 6 ( 2 ) 6 ( t ) > and t h e switch-on of a continuous wave, S c ( t , z ) = b ( z )~( t ) sin(mOt). Here, 8 i s a delta-function, H i s a Heaviside step-function, and m0 i s a c o n s t a n t frequency.
These i d e a l i z e d sources d i f f e r by t h e presence (5,) o r absence ( S ) of a p o l e i n t h e A transform of S. They a r e consequently r e p r e s e n t at i v e of sources which a r e e i t h e r switched on and maintained i n d e f i n i t e l y , o r a r e pulsed,
THEORY
Although we a r e i n t e r e s t e d i n plasmas, t h e wave equation may be l e f t i n g e n e r a l form t o accommodate any medium and variable, , t h a t e x h i b i t s d i s p e r s i v e propagation. For l i n e a r propagation i n one dimension we have [3] , where t h e c o e f f i c i e n t s p , a . , d e s c r i b e t h e p r o p e r t i e s of t h e medium i t s l d c i t a t i o n by t h e source, S. W e d e f i n e a Laplace transform i n time, and a F o u r i e r transform i n space, m-iu m By assuming an i n i t i a l l y q u i e s c e n t medium, and r e s t r i c t i n g ai t o constant c o e f f i c i e n t s , (1) may
where D(m,k) i s t h e d i s p e r s i o n r e l a t i o n
To i n v e r t t(m, k), t h e k -i n t e g r a t i o n i s evalua t e d by u s e of t h e r e s i d u e theorem, t a k i n g account of t h e p o l e s d e f i n e d by ~( w , k ) = 0 . Poles i n t h e upper half-plane [ s e e Fig. 2 ( a ) ] a r e included i n t h e contour i f they o r i g i n a t e i n t h e lower half-plane f o r values of m c o n s i s t e n t with t h e m-integration
along a Bromwich contour m = tor -i m . For f u r t h e r discussion, s e e 14) .
The remaining i n v e r s e transform i s of t h e form a -i a where k(m) i s determined from D (~, k) = 0 , and F i s t h e sum of k -i n t e g r a l r e s i d u e s m u l t i p l i e d by t h e m-transform of t h e source, which may c o n t a i n a pole. Branch-points of f u n a t i o n F must be avoided i n t h e 
SADDLE-POINT METHOD h i g h l y u n s t a b l e media, t h e d i f f e r e n c e between k(cuo)
and k(w-) may become s i g n i f i c a n t .
.
W e may approximate (4) by expanding t h e i n t e -
A s an example, consider an u n s t a b l e system grand about t h e extrema of t h e exponential term. c o n s i s t i n g of a monoenergetic e l e c t r o n beam and a The saddle-points of ( 4 ) a r e t h e n required t o s a t i s f y simultaneously plasma, f o r which where dk/& must be r e a l and p o s i t i v e s i n c e t h e contours i n Fig. 2 a r e defined f o r t and z r e a l and p o s i t i v e .
The saddle-point, us , i s a f u n c t i o n of t and z , and corresponds t o t h e v e l o c i t y , v,,,. -
The approximation of (4) has two forms which depend on t h e presence o r absence of a p o l e i n F, i . e . on t h e n a t u r e of t h e source. The pole from gc with s i n wot = I m exp(io, t ) r e q u i r e s t h e simple pole s i n g u l a r i t y method [2f, 1 / 2 where b = i i l ( m s u n ) t -(*(mB) -*(mo)) z j / , U and T a r e smoot unctions, e r f c 1s t h e comp ementary e r r o r function, and t h e =k s i g n i s chosen s o t h a t e r f c " 0 f o r non-causal values of t and z. Prec u r s o r s ( s e e Fig. 1 ) a r e described by t h e ~( m , ) terms. A s waves of lower v, , a r r i v e from t h e source, a ~( m s ) t e r m i n (7) dominates t h e r e s p o n s e , a f t e r t h e phase of b changes sign. This phase change occurs a s t h e r e a l p a r t of %(= wl" + b i ) approaches UC); e r f c changes i n magnitude from w 0 t o m 2 .
I f F i s analyt i c , t h e i s o l a t e d saddle-
The main wave t r a i n of a source l i k e Sc propagates with t h e v e l o c i t y , corresponding t o ~e(tu,) =wo. B r i l l o u i n termed t h k :'signal velocity".
DISCUSSION
The d i s p e r s i o n c h a r a c t e r i s t i c s corresponding t o ( 6 ) and ( 7 ) and (b), f o r normal modes and d e l t a -f u n c t i o n e x c i t ation, a r e s i m i l a r f o r t h e s t a b l e branch from A t o By b u t d i f f e r s u b s t a n t i a l l y f o r t h e branch from C t o E : i n t h e normal mode diagram, t h e group veloc i t y may a p p a r e n t l y be n e g a t i v e o r even i n f i n i t e . The d e l t a -f u n c t i o n modes a l s o d i f f e r s u b s t a n t i a l l y below t h e plasma frequency, with t h e branch from F t o G i n t h e normal mode diagram disappearing. Values of v, corresponding t o t h e two modes of excit a t i o n a r e p l o t t e d i n Fig. 3(c) f o r comparison.
An o b s e r v a t i o n a l d i s p e r s i o n diagram such a s Fig. 3(b) , f o r a p o l e -f r e e source, has t h e advantage over a normal mode diagram such a s Fig. 3(a) t h a t it i l l u s t r a t e s t h e c a u s a l group v e l o c i t i e s , frequencies and wavenumbers t h a t would a c t u a l l y b e observed. Since t h e v e l o c i t y % of a s p e c t r a l component a t frequency w has been defined a s r e a l and p o s i t i v e , it corresponds t o t h e u s u a l d e f i n i t i o n of group v e l o c i t y i n a s t a b l e medium, and extends t h a t concept c o n s i s t e n t l y t o a b s o r p t i v e and u n s t a b l e media. I t i s a n t i c i p a t e d t h a t t h e o b s e r v a t i o n a l approach and d i s p e r s i o n diagram w i l l be u s e f u l i n t h e study of i n s t a b i l i t i e s i n inhomogeneous plasmas, and i n ionospheric r a y t r a c i n g . [ 31 Whitham, G. B., Linear and Nonlinear Waves Wiley (1974) .
[ k ] Briggs, R, J., Electron-Stream I n t e r a c t i o n s with Plasmas, MIT Press (1964).
